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Quasiparticle spectrum and dynamical stability of an atomic Bose-Einstein condensate
coupled to a degenerate Fermi gas
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The quasiparticle excitations and dynamical stability of an atomic Bose-Einstein condensate cou-
pled to a quantum degenerate Fermi gas of atoms at zero temperature is studied. The Fermi gas
is assumed to be either in the normal state or to have undergone a phase transition to a super-
fluid state by forming Cooper pairs. The quasiparticle excitations of the Bose-Einstein condensate
exhibit a dynamical instability due to a resonant exchange of energy and momentum with quasi-
particle excitations of the Fermi gas. The stability regime for the bosons depends on whether the
Fermi gas is in the normal state or in the superfluid state. We show that the energy gap in the
quasiparticle spectrum for the superfluid state stabilizes the low energy energy excitations of the
condensate. In the stable regime, we calculate the boson quasiparticle spectrum, which is modified
by the fluctuations in the density of the Fermi gas.
PACS numbers: 03.75.Fi,05.30.Fk
I. INTRODUCTION
Since the observation of Bose-Einstein condensation in
trapped atomic gases [1], there has been increasing in-
terest in creating quantum degenerate gases of fermions
with trapped ultracold akali atoms. At temperatures be-
low the Fermi temperature, TF , the properties of the gas
become strongly influenced by the Pauli exclusion prin-
ciple [2, 3]. Besides exploring the role of quantum statis-
tics in their behavior, much of the interest in these gases
has focused on the possibility of achieving the Bardeen-
Cooper-Schrieffer (BCS) phase transition to the super-
fluid state by forming Cooper pairs [4, 5, 6, 7, 8].
Currently, experimental efforts in cooling of fermionic
atoms of 6Li [9, 10] and 40K [2, 11] to the quantum de-
generate regime have made significant progress, reaching
temperatures as low as 0.2TF where TF is the Fermi tem-
perature. However, the efficiency of the evaporative cool-
ing process used to cool a two component Fermi gas is
severely hindered for temperatures below TF due to Pauli
blocking [3]. Meanwhile, the lack of s-wave scattering
between spin-polarized fermions makes evaporative cool-
ing completely ineffective for a single component Fermi
gas. Furthermore, it has been recently predicted that
loss processes which remove particles from the trap and
leave holes behind in the single particle distribution also
impose a lower limit on the temperature (∼ TF/4) that
can be reached in a pure Fermi gas [12]. As a result,
the recent experiments that achieved quantum degener-
acy in 6Li have used 7Li, a boson, to sympathetically
cool the 6Li atoms [9]. This procedure is also being ap-
plied to cool 40K using 87Rb [13]. Therefore, it appears
likely that future experiments on degenerate Fermi gases
will be associated with a Bose gas with a non-negligible
boson-fermion two-body interaction. In a more specula-
tive vein, the nonlinear mixing of bosonic and fermionic
matter waves may open up the way to novel methods to
manipulate these waves, and in particular their statisti-
cal properties. The theoretical study of the properties of
coupled Bose-Einstein condensates and degenerate Fermi
gases is therefore of considerable practical interest to fu-
ture experiments.
It is the purpose of this paper to establish a general
analysis of the quasiparticle spectrum and dynamical
stability for a BEC coupled to a degenerate Fermi gas.
There have been a number of recent studies of both the
ground state properties [14, 15, 16, 17] and the collec-
tive modes for the density fluctuations of the coupled
gases [18, 19, 20, 21]. These studies have all treated the
ground state of the fermions as being that of a normal
degenerate Fermi gas. The likelihood of observing the su-
perfluid state in fermionic akali vapors has sparked sev-
eral theoretical studies of the quasiparticle and collective
modes of trapped superfluid Fermi gases [22, 23, 24, 25].
However, the quasiparticle excitations of a coupled su-
perfluid Fermi gas and Bose-Einstein condensate (BEC)
has not yet been investigated. In this paper, we examine
both the case when the ground state of the fermions, in
the absence of a boson-fermion interaction, is the nor-
mal state and the BCS superfluid state. In both cases,
the quasiparticle spectrum exhibits a dynamical instabil-
ity due to the exchange of energy and momentum with
the fermions. Physically, the existence of the instabil-
ity implies the existence of a lower energy ground state
of the coupled system, which involves correlated density
fluctuations between the BEC and Fermi gas. In the sta-
ble regime, the quasiparticle dispersion relation for the
bosons is significantly modified due to quantum fluctua-
tions in the density of the Fermi gas. More importantly,
the stability regime and the quasiparticle dispersion for
the bosons is qualitatively different when the fermions
are in the BCS state as compared to the normal state.
In terms of current experiments with trapped atomic
gases, we are only interested in the dilute limit for the
Bose-Fermi mixture. In that limit, we can linearize the
equations of motion for the density fluctuations of the two
gases, since at zero temperature the fluctuations relative
to the non-interacting ground state are expected to be
2small. For the bosons, this method is equivalent, in the
absence of a boson-fermion coupling, to the Bogoliubov
procedure [26]. The presence of a boson-fermion coupling
results in a modified boson-boson interaction due to the
induced density fluctuations in the Fermi gas. In Sec. II,
we present our model and derive the quasiparticle spec-
trum for the bosons when the fermions are in the normal
state. In Sec. III, we show how the calculation of Sec.
II is modified when the fermions are in the BCS state.
In the Appendix, we show how quantum correlations be-
tween the densities of the two gases can lower the ground
state energy of the mixture.
II. MIXTURE OF BEC AND NORMAL FERMI
GAS
This paper focuses on the effect that the boson-fermion
interaction has on the quasiparticles states of the Bose
gas. Hence, we neglect the effect of a direct interaction
between the fermions in this section. For a spin-polarized
Fermi gas, this is an excellent approximation since s-wave
scattering between two fermions is forbidden and p-wave
scattering is negligible at zero temperature. However, for
the sake of generality, we consider the case of fermions
with two hyperfine spin states. The results of this sec-
tion can be directly applied to a single component Fermi
gas [27] since we assume that the boson-fermion interac-
tion and the single-particle energies of the fermions are
independent of the spin. In the next section, we will gen-
eralize these results to the case of s-wave Cooper pairing.
For this purpose, it will be necessary to explicitly include
an attractive interaction in order to create a non-zero
pairing field needed for the BCS state.
Our starting point is the grand canonical Hamiltonian
for a weakly interacting gas of bosons coupled to an ideal
gas of fermions with the two spin states, labelled by σ =↑
, ↓,
Hˆ = HˆB + HˆF + HˆBF , (1)
where HˆB and HˆF are the free Hamiltonians for the
bosons and fermions, respectively,
HˆB =
∫
d3r ψˆ†B(r)
[
−~
2∇2
2mB
+ VB(r)− µB
+
gB
2
ψˆ†B(r)ψˆB(r)
]
ψˆB(r),
HˆF =
∑
σ
∫
d3r ψˆ†σ(r)
[
−~
2∇2
2mF
+ VF (r) − µσ
]
ψˆσ(r),
while HˆBF represents the boson-fermion interaction,
HˆBF = gBF
∑
σ
∫
d3r ψˆ†B(r)ψˆ
†
σ(r)ψˆσ(r)ψˆB(r).
Here, ψˆB(r) [ψˆ
†
B(r)] and ψˆσ(r) [ψˆ
†
σ(r)] are the annihila-
tion (creation) operators for the bosons and for fermions
with hyperfine spin σ, respectively. They obey the stan-
dard commutation (anti-commutation) relations. µB
and µσ are the chemical potentials for the bosons and
fermions. The coupling constants, gB and gBF , are de-
fined as
gB = 4π~
2aB/mB, gBF = 2π~
2aBF /mr,
where aB > 0 and aBF are the boson-boson and boson-
fermion s-wave scattering lengths, respectively, while
mr = mBmF /(mB +mF ) is the reduced mass. For sim-
plicity, we assume that the number of fermions in each
spin state is the same so that µ↑,↓ = µF .
To determine the excitation spectrum of the Bose-
condensate, we apply the standard Bogoliubov procedure
by decomposing the field operator as
ψˆB(r, t) = φB(r) + ξˆB(r, t). (2)
Here, ξˆB(r, t) describes the small amplitude fluctuations
above the condensate mode, φB(r), which obeys the
Gross-Pitaevskii equation,[
−~
2∇2
2mB
+ VB(r) + gB|φB(r)|2 + 2gBFnF (r)− µB
]
(3)
×φB(r) = 0.
Similarly, we assume that the density fluctuations in the
Fermi gas are small so that
ψˆ†σ(r, t)ψˆσ(r, t) = nF (r) + δρˆσ(r, t) (4)
where 〈δρˆσ(r, t)〉 = 0 in the absence of any external per-
turbations. For a trapped gas, the equilibrium density
of each spin component, nF (r), may be approximated
by the Thomas-Fermi expression for the density [14].
There is an obvious asymmetry in our treatment of the
bosons and fermions since for the BEC there is a non-
vanishing expectation of ψˆB(r, t) while for the fermions,
〈ψˆσ(r, t)〉 = 0 and only the fluctuations in the fermion
density may be regarded as being small relative to some
finite mean-field.
By substituting Eqs. (2) and (4) into Eq. (1), and ne-
glecting terms involving the product of three or more
fluctuation operators, one obtains a Hamiltonian that
is quadratic in ξˆB(r, t) and ψˆσ(r). From this quadratic
Hamiltonian, one obtains Heisenberg equations of motion
that are linear in the fluctuations,
i~
∂ξˆB
∂t
= hˆB ξˆB + gBφ
2
B ξˆ
†
B + gBFφB
∑
σ
δρˆσ, (5)
i~
∂ψˆσ
∂t
= hˆF ψˆσ + gBF (φB ξˆ
†
B + φ
∗
B ξˆB)ψˆσ, (6)
where
hˆB = −~
2∇2
2mB
+ VB(r) + 2gB|φB(r)|2 + 2gBFnF (r) − µB,
hˆF = −~
2∇2
2mF
+ VF (r) + gBF |φB(r)|2 − µF .
3Equations (5) and (6) can be thought of as describing a
four-wave mixing process where a bosonic wave, φB(r),
scatters off the fermionic density grating, δρˆσ, to create a
new bosonic wave, ξˆB(r, t). Equation (6) represents the
back-action on the fermion grating as a result of the scat-
tering of the bosonic wave. In contrast to Ref.[28], where
the fermionic grating was created optically, or matter-
wave superradiance [29], where the grating results from
the mixing of optical and matter waves, four-wave mix-
ing results now from the coupling between the bosonic
and fermionic matter-wave fields.
The procedure we adopt here is to formally integrate
Eq. (6) to obtain a linearized expression for δρˆσ, which
can then be substituted back into Eq. (5) to obtain an
integro-differential equation for the boson fluctuation op-
erators. To begin, we expand the fermion field operators
in terms of the eigenstates of hˆF ,
ψˆσ(r, t) =
∑
n
aˆn,σ(t)ϕn(r), (7)
where hˆFϕn(r) = Enϕn(r). The formal solution of
Eq. (6) is then given by
ψˆσ(r, t) = ψˆ
(0)
σ (r, t)− i
gBF
~
∫ t
0
dt′
∫
d3r′G(r, r′, t− t′)
×Ξ(r′, t′)ψˆσ(r′, t′), (8)
where
ψˆ(0)σ (r, t) =
∑
n
aˆn,σ(0)e
−iEnt/~ϕn(r) (9)
represents the free evolution of the field in the absence of
a density fluctuation of the BEC, and
Ξ(r, t) = φB(r)ξˆ
†
B(r, t) + φ
∗
B(r)ξˆB(r, t). (10)
Physically, Ξ(r, t) produces a density grating off which
the fermions can scatter. Consequently, the second
term on the right hand side of Eq. (8) may be inter-
preted as the scattering of the fermions off the poten-
tial gBFΞ(r
′, t′) and the subsequent propagation of the
fermions to (r, t) by the single particle Green’s function,
G(r, r′, t− t′) ≡
∑
n
e−iEn(t−t
′)/~ϕn(r)ϕ
∗
n(r
′). (11)
In order to obtain a linear equation for the boson fluctu-
ations, we make the first Born approximation in Eq. (8),
so that
ψˆσ(r, t) ≈ ψˆ(0)σ (r, t)− i
gBF
~
∫ t
0
dt′
∫
d3r′G(r, r′, t− t′)
×Ξ(r′, t′)ψˆ(0)σ (r′, t′). (12)
An expression for the fermion density fluctuation that is
linear in the boson fluctuations is obtained from Eq. (12)
and
δρˆσ = 〈F |ψˆ†σ(r, t)ψˆσ(r, t)|F 〉 − nF (r), (13)
where |F 〉 represents the zero temperature ground state
of the Fermi gas. By making use of the fact that at
T = 0, 〈F |aˆ†n,σ(0)aˆn′,σ′(0)|F 〉 = δn,n′δσ,σ′ for En ≤ EF
and zero otherwise (EF is the Fermi energy) as well as∑
n |ϕn(r)|2 = nF (r), we obtain the desired expression
for the fermion density fluctuation due to the coupling
to the bosons,
δρˆσ ≈ i gBF
~
∫ t
0
dt′
∫
d3r′ J (r, r′, t− t′)Ξ(r′, t′), (14)
where
J (r, r′, t− t′) ≡ G∗>(r, r′, t− t′)G<(r, r′, t− t′)
−G>(r, r′, t− t′)G∗<(r, r′, t− t′),
G>(r, r
′, t− t′) ≡
∑
{n|En>EF }
e−iEn(t−t
′)/~ϕ∗n(r
′)ϕn(r),
and G< is the same as G>, but for En ≤ EF in the
summation. By inserting Eq. (14) back into Eq. (5) we
finally have
i~
∂ξˆB(r, t)
∂t
= hˆB ξˆB(r, t) + gBφ
2
B ξˆ
†
B(r, t) + i
2g2BF
~
∫ t
0
dt′
∫
d3r′ J (r, r′, t− t′)Ξ(r′, t′)φB(r). (15)
Equation (15) is valid to all orders in gBF provided
the density fluctuations of the bosons, Ξ(r, t), and the
fermions, δρˆσ(r, t), remain small relative to the equilib-
rium densities of the two gases. The dependence of ξˆB to
all orders in gBF is easily seen by iterating the expression
for Ξ(r, t) inside the integrand to obtain a power series
expansion in even powers of gBF .
The physical interpretation of the integral term in
Eq. (15) is straightforward. Since the boson-fermion in-
teraction is proportional to the local densities of the two
gases, a density fluctuation in the BEC at r′ and t′,
Ξ(r′, t′), will excite a density fluctuation in the Fermi
4gas at the same point. This density fluctuation consists
of particles excited above the Fermi surface, which are
represented by G>, and holes inside the Fermi sea, rep-
resented by G<. These particle-hole pairs then propa-
gate from r′ and t′ to r and t where they excite another
fluctuation in the density of the BEC, thereby modify-
ing the value of ξˆB(r, t) and hence, Ξ(r, t). The integral
in Eq. (15) may then be thought of as a feedback loop
where the density fluctuations of the Fermi gas act as the
feedback mechanism. If the BEC is stable, the feedback
will be negative while for an unstable system, the cou-
pled boson-fermion density fluctuations will result in a
positive feedback, which causes the fluctuations to grow
exponentially in time.
Equation (15), which is the main result of this sec-
tion, is completely general. However, for concreteness, we
consider a homogenous mixture of NB bosons and 2NF
fermions confined in a box of volume V . The correspond-
ing ground state densities are nB = |φ(r)|2 = NB/V and
nF = nF (r) = NF /V . The chemical potentials are µB =
gBnB + 2gBFnF [see Eq. (3)] and EF = ~
2k2F /2mF =
µF − gBFnB where the Fermi wave number is given by
kF = [(6π
2)nF ]
1/3. For periodic boundary conditions,
the eigenstates of hˆF are plane waves ϕk(r) = e
ik·r/
√
V
with eigenenergies Ek = ~
2k2/2mF − EF . Similarly, we
use a plane wave basis for the boson field operator,
ψˆB(r, t) =
1√
V
∑
k
ηk(t)e
ik·r . (16)
Hence, the boson fluctuation operator consists of all
modes with k 6= 0,
ξˆB(r, t) =
1√
V
∑
k 6=0
ηk(t)e
ik·r . (17)
The quantum state of the mixture can therefore be ex-
pressed as
|ΨN〉 = 1√
NB!
(
η†0
)NB ∏
k≤kF ,σ
a†kσ|0〉, (18)
where |0〉 represents the vacuum state for both the bosons
and fermions. Note that |ΨN 〉 is identical to the state
assumed by Viverit et al. [15], if one includes two spin
components.
The function J (r, r′, t− t′), which describes the prop-
agation of particle-hole pairs in the Fermi gas, can now
be expressed explicitly as
J (r, r′, t− t′) = 1V 2
∑
kn>kF
∑
km≤kF
[
e
i ~
2mF
(k2
n
−k2
m
)(t−t′)
× ei(km−kn)·re−i(km−kn)·r′ − c.c.
]
.
Multiplying Eq. (15) by e−ik·r/
√
V and integrating over
r one obtains
i~
∂ηk
∂t
= LB(k)ηk + gBnBη†−k +
i
~
g2BFnBI(k), (19)
where LB(k) = ~2k2/2mB + gBnB, and
I(k) =
2
V
∫ t
0
dt′
∫
d3r′
∫
d3r e−ik·rJ (r, r′, t− t′)
∑
k′
eik
′·r′
[
η†−k′(t
′) + ηk′(t
′)
]
=
2
V
∫ t
0
dt′
∑
km≤kF
[
e
i ~
2mF
(|km+k|
2−k2
m
)(t−t′) − c.c.
]
Θ(|km + k| − kF )
[
η†−k(t
′) + ηk(t
′)
]
,
where Θ(x) is the unit step function. By taking the ad-
joint of Eq. (19) and using I†(−k) = −I(k) one gets,
i~
∂η†−k
∂t
= −LB(k)η†−k − gBnBηk −
i
~
g2BFnBI(k). (20)
The coupled integro-differential Eqs. (19) and (20) may
be solved using Laplace transforms. Denoting the single-
sided Laplace transforms as,
αk(s) = L[ηk(t)] =
∫ ∞
0
dt e−stηk(t),
βk(s) = L[η
†
−k(t)] =
∫ ∞
0
dt e−stη†−k(t),
one obtains the inhomogeneous linear equations
5i~[sαk(s)− ηk(0)] = LB(k)αk(s) + gBnBβk(s) + g
2
BF
~(2π)3
nBℓk(s)[αk(s) + βk(s)], (21a)
i~[sβk(s)− η†−k(0)] = −LB(k)βk(s)− gBnBαk(s)−
g2BF
~(2π)3
nBℓk(s)[αk(s) + βk(s)], (21b)
where
ℓk(s) =
2i(2π)3
V
L

|km+k|>kF∑
km≤kF
ei(|Ek+km |+|Ekm |)t/~ − c.c.

 (22)
= 2
∫
dkm
[
1
−is− (|Ek+km |+ |Ekm |)/~
− 1−is+ (|Ek+km |+ |Ekm |)/~
]
Θ(|km + k| − kF )Θ(kF − km).
and in the second line we have taken the infinite volume
limit to convert the summation to an integral. The solu-
tions of Eqs. (21) are,
αk(s) = i~
[ζk(s) + (i~s+ Tk) ηk(0)]
(i~s)2 − zk(s) , (23a)
βk(s) = i~
[
−ζk(s) + (i~s− Tk) η†−k(0)
]
(i~s)2 − zk(s) , (23b)
where Tk = ~
2k2/(2mB) and
ζk(s) = nB
[
gB +
g2BF ℓk(s)
~(2π)3
] [
ηk(0) + η
†
−k(0)
]
,
zk(s) = Tk
[
Tk + 2nB
(
gB +
g2BF
~(2π)3
ℓk(s)
)]
.
The poles of Eqs. (23) in the s-plane correspond to the
quasiparticle excitation frequencies of the condensate.
For gBF = 0, one obviously recovers the Bogoliubov spec-
trum of a pure weakly interacting BEC. For s = iω+0+,
ℓk(s) is proportional to the density-density response func-
tion of an ideal Fermi gas, which measures the linear
response of the density of the gas to a scalar perturbing
potential [30]. The expression gB+g
2
BF ℓk(s)/~(2π)
3 cor-
responds to a renormalized boson-boson interaction due
to the polarization of the density of the Fermi gas.
We already mentioned that in case of positive feedback
between the density fluctuations in the two gases, the
BEC becomes unstable. Mathematically, the stability of
the BEC is determined by the location of the poles in the
s-plane,
(i~s)2 − zk(s) = 0. (24)
In order for the BEC to be stable, Re[s] < 0 for all so-
lutions of (24). A positive real part of any of the poles
indicates the existence of an instability in the BEC.
To evaluate the boson excitation frequencies in the sta-
ble regime as well as the location of the instabilities it
is sufficient to make the substitution s = iω + 0+, in
which case the condition that the BEC be stable corre-
sponds to poles with Im[ω] > 0. The real and imaginary
parts of ℓk(ω) ≡ ℓk(s = iω + 0+) can be obtained using
1/(x± i0+) = P (1/x)∓ iπδ(x) [31],
Re[ℓk(ω)] =
2π
α
{[
k2F −
(
ω
α
− k
2
)2]
ln
∣∣∣∣ω + α(kF − k/2)ω − α(kF + k/2)
∣∣∣∣+
[
k2F −
(
ω
α
+
k
2
)2]
ln
∣∣∣∣ω − α(kF − k/2)ω + α(kF + k/2)
∣∣∣∣− 2kFk
}
,
Im[ℓk(ω)] = 2π
∫
dkmΘ(|km + k| − kF )Θ(kF − km)× δ (ω − |Ekm+k|/~− |Ekm |/~) , (25)
where α = ~k/mF .
The mechanical stability of the condensate, which re-
quires its compressibility to be positive, can be derived
from the zero frequency (ω = 0) static limit for the speed
of sound in the condensate. From Eq. (24), in the long
wavelength limit (i.e., k → 0), we have ω2 = c2Bk2 where
cB is the speed of sound. A positive compressibility cor-
responds to c2B ≥ 0. From Eq. (24), c2B is given by,
c2B =
nB
mB
[
gB +
g2BF
~(2π)3
lim
k→0
ℓk(0)
]
. (26)
6Using the expansion of ℓk(0) for k ≪ kF ,
ℓk(0) ≈ 4πmFkF
~
[
−2 + 1
6
(
k
kF
)2]
, (27)
one obtains the mechanical stability condition,
n
1/3
F ≤
A
3
gB
g2BF
, (28)
where A = (~2/2mF )(6π
2)2/3, or in terms of scattering
lengths,
a2BF ≤
πaBmBmF
kF (mB +mF )2
.
Eq. (28) agrees with the result obtained in Refs. [15, 18,
19] when one accounts for the two spin components. In
the following it will be assumed that Eq. (28) is satisfied.
A necessary condition for the BEC to be dynamically
stable with respect to density fluctuations of finite energy
and momentum is that Im[ℓk(ω)] = 0. Since Im[ℓk(ω)] is
proportional to the dynamic structure factor of the Fermi
gas, it measures the rate at which energy and momentum
can be resonantly transferred between the density fluctu-
ations in the Fermi and Bose gases [30]. In the absence
of any decay or dephasing mechanism for the boson or
fermion quasiparticles, the existence of a bosonic quasi-
particle with energy ~Re[ω(k)] such that Im[ℓk(ω)] 6= 0
will give rise to coupled oscillations between the density
fluctuations with wave vector k, similar to Rabi oscil-
lations for a two-level atom coupled to a quantized field
[32]. One may then consider a new ground state, which is
a superposition of a bosonic and fermionic density fluctu-
ation, in analogy to the dressed states of quantum optics
[32]. In the appendix it is shown that such a superposi-
tion can result in a state with an energy lower than the
state used in this section and in other studies of Bose-
Fermi mixtures [14, 15, 16, 17, 18, 19, 20, 23], which do
not contain any quantum correlations between the den-
sities of the two gases. This indicates that a dynamical
instability signified by Im[ℓk(ω)] 6= 0 leads to a lower en-
ergy ground state of the Bose-Fermi mixture. It is worth
noting that the dynamical instability is distinct from the
mechanical instability of the mixture, discussed previ-
ously. A mechanical instability due to the Bose-Fermi
coupling leads to a demixing of the two gases and occurs
in the static (ω = 0) limit for which Im[ℓk(ω)] is always
zero.
For excitations of the BEC with frequency ω and wave
number k < 2kF , the stability criterion determined by
Im[ℓk(ω)] = 0 requires the excitation frequency to satisfy
ω >
~k2
2mF
+
~kkF
mF
. (29)
Physically, ~2k2/2mF + ~
2kkF /mF is the maximum en-
ergy that a particle-hole pair can have for a given k.
Hence, the stability criterion corresponds to there being
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FIG. 1: Stability diagram of a Bose-Fermi mixture. We as-
sume mF = mB = m. We have adopted a system of units
in which the units for frequency, length, and wavenumber are
~k2F/2m, 1/kF , and kF , respectively. Note that in this units,
the fermion density is given by nF = 1/(6pi
2) ≈ 0.017.
no excitations of the Fermi gas that can resonantly cou-
ple to the condensate quasiparticle. The stability regime
and the phonon spectrum can be obtained by first solving
(~ω)2 = zk(iω + 0
+)
= Tk
[
Tk + 2nB
(
gB +
g2BF
~(2π)3
Re[ℓk(ω)]
)]
,(30)
numerically while assuming Im[ℓk(ω)] = 0, and then
checking if the system is stable using the criterion (29).
Fig. 1 shows the stability diagram of the mixture in the
aBF − nB space. As can be seen, the dynamical stabil-
ity of the system is determined by both the scattering
lengths and the atomic densities. All other parameters
being fixed, the stability condition (29) imposes a min-
imum boson density nminB beyond which no stable ho-
mogeneous mixture exists. For k ≪ kF , we can use the
linear part of the Bogoliubov spectrum for a pure con-
densate to estimate nminB as
gnminB ≈
~
2k2F
m2F /mB
=
~
2(6π2nF )
2/3
m2F /mB
.
For realistic numbers, nminB is about two orders of mag-
nitude larger than nF (see Fig. 1).
Figure 2 illustrates the phonon spectrum for the BEC
in the Bose-Fermi mixture when nB > n
min
B . The boson-
fermion interaction increases the sound velocity of the
phonons. This effect has a straightforward explanation
in terms of the stability condition imposed on the boson
quasiparticle excitation frequency. In the stable regime
determined by (29), the density-density response func-
tion ℓk(ω) can be easily shown to be positive, hence ω(k),
as given by Eq. (30), is increased.
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FIG. 2: Phonon spectrum of a boson-fermion mixture. The
thick solid line corresponds to ω = ~(k2 + 2kkF )/2mF . Fre-
quencies fall below this line represent unstable excitations.
Same units as in Fig. 1.
For small values of aBF , the spectrum is stable and
single-valued. By expanding ℓk(ω) around small k/kF
and finite ω, we can calculate the sound velocity, c, in the
condensate for finite ω and k. Expanding ℓk(ω) to lowest
order in k/kF , we obtain ℓk(ω) = (8π~/3)(k
3
Fk
2/mFω
2),
and hence the sound velocity is
c ≈ c0
[
1 +
g2BFk
3
F
3π2gBmF c20
]
, (31)
where c0 =
√
gBnB/mB is the sound velocity in a pure
condensate. For the parameters in Fig. 2, we have a 6%
increase in sound velocity if aBF changes from 0 to 0.14.
However, further increasing aBF beyond a critical value
amaxBF splits the phonon spectrum into two branches, and
one of them falls into the unstable regime. The criti-
cal value of aBF for which the spectrum splits into two
branches corresponds to the equality in Eq. (28). For
mF ≈ mB, we have amaxBF =
√
πaB/kF /2, which gives the
maximum sound velocity achievable in a homogeneous
mixture
cmax = c0
(
1 +
c2F
c20
)
,
where cF = ~kF /(
√
3mF ) is sound velocity of the ideal
Fermi gas [31]. Note that while nminB is independent of
aBF , a
max
BF is independent of nB.
III. MIXTURE OF BEC AND SUPERFLUID
FERMI GAS
In order for a BCS transition to occur in a system of
fermions, there must be an attractive two-body interac-
tion which allows the fermions to form Cooper pairs. At
the ultracold temperatures achieved in current experi-
ments, p-wave collisions between atoms are highly sup-
pressed and s-wave collisions between atoms in the same
internal state are forbidden by the Pauli exclusion princi-
ple. As a result, the most likely possibility for the forma-
tion of Cooper pairs is an attractive s-wave interaction
between atoms in different hyperfine states. Fortunately,
6Li and 40K appear to be very promising candidates. 6Li
possesses an anomalously large and negative s-wave scat-
tering length, a = −2160aB where aB is the Bohr radius
[4]. For 40K, a Feshbach resonance exists for two of the
hyperfine states which can be used to create a large neg-
ative scattering length of a ≈ −1000aB [6]. To deal with
this situation, we now include in Eq. (1) the term
HˆFF = −gF
∫
d3r ψˆ†↑(r)ψˆ
†
↓(r)ψˆ↓(r)ψˆ↑(r), (32)
where gF = 4π~
2|aF |/mF and aF < 0 is the s-wave scat-
tering length between fermions in the spin singlet state.
HˆFF can be treated using the self-consistent field method
by replacing pairs of fermion operators in HˆFF with c-
numbers [33],
HˆFF =
∫
d3r
[
−gFnF (r)
∑
σ
ψˆ†σ(r)ψˆσ(r)
+∆(r)ψˆ†↑(r)ψˆ
†
↓(r) + ∆
∗(r)ψˆ↓(r)ψˆ↑(r)
]
,(33)
where
∆(r) = −gF 〈ψˆ↓(r)ψˆ↑(r)〉, (34)
and the expectation value is taken with respect to the
BCS ground state defined below. ∆(r) is the order pa-
rameter for the BCS state. It represents the correlation
between fermions that have formed Cooper pairs and is
zero for the normal state of the Fermi gas. The term
proportional to −gFnF (r), is a Hartree-Fock mean-field
which is present even in the normal state for an interact-
ing Fermi gas. The inclusion of a Hartree-Fock term for
the normal state does not affect any of the results of the
last section since, in particular for a uniform system, it
can be absorbed into the definition of the Fermi energy.
We now proceed as before and calculate the quasipar-
ticle spectrum for the bosons. Eq. (5) is still valid, but
Eq. (6) is now replaced by the pair of equations
i~
∂ψˆ↑
∂t
= hˆ′F ψˆ↑ +∆(r)ψˆ
†
↓ + gBFΞ(r, t)ψˆ↑, (35a)
i~
∂ψˆ†↓
∂t
= −hˆ′F ψˆ†↓ +∆∗(r)ψˆ↑ − gBFΞ(r, t)ψˆ†↓, (35b)
where hˆ′F = hˆF − gFnF (r). In the absence of the Bose-
Fermi coupling, Eqs. (35) may be solved by a canonical
transformation [34],
ψˆ↑(r, t) =
∑
n
[
un(r)αn↑(t)− v∗n(r)α†n↓(t)
]
, (36a)
ψˆ†↓(r, t) =
∑
n
[
u∗n(r)α
†
n↓(t) + vn(r)αn↑(t)
]
, (36b)
8where αnσ (α
†
nσ) are annihilation (creation) operators
for quasiparticles, which obey fermionic anticommutation
relations {α†nσ, αmσ′} = δn,mδσ,σ′ and {αnσ, αmσ′} = 0.
As a result, the amplitudes, un and vn, are subject to
the orthonormality condition∫
d3r [u∗n(r)um(r) + v
∗
n(r)vm(r)] = δn,m.
The formal solutions of Eqs. (35) in terms of the quasi-
particle operators are
αn↑(t) = αn↑(0)e
−iεnt/~
− igBF
~
∑
m
∫ t
0
dt′
∫
d3r e−iεn(t−t
′)/~Ξ(r, t′)
[
αm↑(t
′)(u∗num − v∗nvm)− α†m↓(t′)(u∗nv∗m + v∗nu∗m)
]
, (37a)
α†n↓(t) = α
†
n↓(0)e
iεnt/~
+
igBF
~
∑
m
∫ t
0
dt′
∫
d3r eiεn(t−t
′)/~Ξ(r, t′)
[
αm↑(t
′)(unvm + vnum) + α
†
m↓(t
′)(unu
∗
m + vnv
∗
m)
]
. (37b)
The eigenenergies for the quasiparticles, εn, are obtained
from the Bogoliubov-de Gennes equations
εnun(r) = hˆ
′
Fun(r) + ∆(r)vn(r),
εnvn(r) = −hˆ′Fvn(r) + ∆∗(r)un(r).
Following the same strategy as previously, the quasiparti-
cle operators inside the integrals of Eqs. (37) are first re-
placed by their free evolution values for gBF = 0, and the
density fluctuations of the Fermi gas are calculated using
Eqs. (36) and Eq. (13). However, instead of |F 〉, here
the expectation value is calculated with respect to the
BCS ground state, |Φ0〉. We recall that |Φ0〉 is the vac-
uum state for the quasiparticles so that only terms of the
form 〈Φ0|αnσα†n′σ′ |Φ0〉 = δn,n′δσ,σ′ give a non-vanishing
contribution to δρσ. Carrying out this procedure, one
arrives at equations for the boson density fluctuations
that have the exact same form as Eq. (15) except that
J (r, r′, t− t′) is replaced by the expression
J˜ (r, r′, t− t′) = 1
2
∑
n,m
[
Fn,m(r, t
′ − t)F ∗m,n(r′, t− t′)− c.c
]
,
where Fn,m(r, t) is defined as
Fn,m(r, t) = [u
∗
n(r)v
∗
m(r) + v
∗
n(r)u
∗
m(r)] e
−iεnt/~. (38)
Using J˜ (r, r′, t − t′) in Eq. (15) gives the effect on the
bosons of density fluctuations in the Fermi gas resulting
from the creation of pairs of BCS quasiparticles.
Again, we consider the specific case of a uniform sys-
tem of volume V . In this case the quasiparticle ampli-
tudes are plane waves
un(r) =
1√
V
Uke
ik·r, vn(r) =
1√
V
Vke
ik·r,
and the energies of the quasiparticles are given by
εk =
√
E2k +∆
2.
The order parameter, ∆(r) = ∆ = (gF /V )
∑
k UkVk,
is a constant. As mentioned before, the Hartree-Fock
energy is absorbed into the definition of the Fermi energy,
EF = µF − gBFnB + gFnF . The amplitudes are most
easily expressed in terms of the angle θk defined by
Uk = cos(θk/2), Vk = sin(θk/2),
where tan θk = ∆/Ek, which along with εk, is obtained
from the solution of the Bogoliubov-de Gennes equations.
By following the procedure of Sec. II, we obtain solu-
tions for the Laplace transforms of the −k component
of the boson density fluctuation that are identical to
Eqs. (23), except that the density-density response of the
ideal Fermi gas, ℓk(s), is replaced by the density-density
response of the BCS state, ℓ˜k(s). It is given by
9ℓ˜k(s) =
i(2π)3
V
L
{∑
km
(
ei(εk+km+εkm )t/~ − c.c
)
sin2
[
1
2
(θk+km + θkm)
]}
,
=
∫
dkm
[
1
−is− (εk+km + εkm)/~
− 1−is+ (εk+km + εkm)/~
]
sin2
[
1
2
(θk+km + θkm)
]
. (39)
It is easy to show that for ∆ = 0, one recovers the results
of Sec. II.
Physically, the poles of ℓ˜k(s) correspond to the en-
ergies required to create a pair of quasiparticles with
momentum k+ km and km, just as was the case for
ℓk(s). When comparing Eqs. (22) and (39), we ob-
serve that the Heaviside step functions are replaced by
sin2 [(θk+km + θkm)/2]. Physically, this accounts for the
lack of a sharp Fermi surface in the BCS state. We re-
call that ℓ˜k(s) accounts for the boson-fermion interaction
which results from a coupling between the local densities
of the two gases. In k-space, the interaction takes the
form of a coupling between the −k component of the
boson density fluctuation and the kth component of the
fermion density, ρk. In terms of the BCS quasiparticle
operators, ρk has the form [35],
ρk =
∑
km
[
(Uk+kmVk + UkVk+km)
(
α†k+km↑α
†
k↓ + αk+km↓αk↑
)
+ (Uk+kmUk − VkVk+km)
(
α†k+km↑αk↑ + α
†
k↓αk+km↓
)]
.
(40)
When ρk acts on |Φ0〉, only the first term, which
creates two quasiparticles, gives a nonzero contri-
bution. Consequently, |Uk+kmVk + UkVk+km |2 =
sin2 [(θk+km + θkm)/2] is the probability to create a pair
of quasiparticles as a result of a fluctuation in the −k
component of the density of the Bose gas.
Using s = iω + 0+, the imaginary part of ℓ˜k(s) is
Im[ℓ˜k(ω)] = π
∫
dkm sin
2 [(θk+km + θkm)/2]
× δ (ω − εkm+k/~− εkm/~) . (41)
In order for the BEC to be stable, Im[ℓ˜k(ω)] = 0, the
energy of a density fluctuation in the BEC must satisfy
~ω < 2∆, (42)
where 2∆ is the minimum energy needed to create a pair
of quasiparticles in the Fermi gas. This condition is qual-
itatively different from (29), which imposed a lower limit
on the energy of the condensate excitations. The pres-
ence of Cooper pairing acts to stabilize the low energy
excitations of the condensate. However, for shorter wave-
length excitations, the quasiparticle energy can exceed
2∆. This condition limits the wave number of the sta-
ble excitation to be below some maximum number which
can be estimated using the unperturbed Bogoliubov spec-
trum as kmax ≈ 2∆/(~c0) .
Due to the form of Re[ℓ˜k(ω)], the dispersion relation,
ω(k), in the stable regime must be evaluated numerically.
Fig. 3 shows ω(k) for the BCS state of the Fermi gas. In
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FIG. 3: Phonon spectrum of a boson-fermion mixture. The
Fermi gas is in a superfluid state. aBF = 0 for the dashed
line, and aBF = 0.1 for the solid line. Other parameters are
aB = 0.04, nB = 1 and ∆ = 0.1. Same units as in Fig. 1.
contrast to the normal state for the fermions, the BCS
state results in an ω(k) that is reduced below that of
the Bogoliubov spectrum of a pure condensate. Again,
this is a result of the stability criterion (42), imposed on
the energy of the excitation of the condensate. For the
BCS state in the stable regime determined by (42), the
density-density response function ℓ˜k(ω) is always nega-
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tive. From Eq. (30), it follows that ω(k) is reduced in
this case.
It is worth pointing out that when ∆≪ EF (which is
usually the case), one can show that ℓ˜k(ω) in the k → 0
and ω = 0 static limit yields ℓ˜k(0) ≈ −8πmFkF /~, which
agrees with the analytic result for the normal state of
the Fermi gas [see Eq. (27)]. This indicates that the
mechanical stability of the Bose-Fermi mixture does not
depend on the state of the Fermi gas.
IV. CONCLUSIONS
In this paper, by extending the standard Bogoliubov
linearization procedure, we have analyzed the excitations
of a weakly interacting Bose-Einstein condensate coupled
to a degenerate Fermi gas at zero temperature. We de-
rived general expressions for the excitations of the con-
densate in the presence of a Fermi gas that are valid for
abitrary spatial geometries. When we specialized our re-
sults to the case of a spatially homogenous system, it
was found that the quasiparticle spectrum for the con-
densate exhibits a dynamical instability due to the cou-
pling between the Bose and Fermi gases. The instability
corresponds to the resonant exchange of energy and mo-
mentum between the bosonic quasiparticle and pairs of
quasiparticle excitations in the Fermi gas. In the stable
regime, quantum fluctuations in the density of the Fermi
gas modify the quasiparticle spectrum of the BEC. In the
long wavelength limit, the speed of sound in the BEC is
increased (decreased) when the Fermi gas is in the normal
(superfluid) state as compared to the Bogoliubov speed
of sound for a pure weakly interacting condensate. This
difference arises from the different stability criteria [see
Eqs. (29) and (42)] which are determined by the nature of
the resonant coupling between the bosons and fermions
in the mixture.
This paper lays the groundwork for the study of non-
linear wave-mixing between degenerate beams of bosons
and fermions. Future work will extend the results ob-
tained here for the equilibrium state of coupled Bose-
Fermi gases to the nonequilibrium mixing of bosonic and
fermionic matter waves. In contrast to the equilibrium
case, where the instability signals the existence of a new
ground state of the system, the existence of an instability
in the nonequilibrium wave-mixing indicates exponential
growth in one of the matter wave modes.
In the current work, we have focused on the quasipar-
ticle excitation spectrum of the bosons in the mixture.
Future work should include the study of the induced
fermion-fermion coupling due to their interaction with
bosons. This will shed light on the long-sought goal of
inducing Cooper pairing of fermions using bosonic atoms
[15, 19].
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V. APPENDIX: GROUND STATE WITH
CORRELATED BOSE-FERMI DENSITIES
In this appendix we examine the ground state energy
of a BEC collisionally coupled to a normal Fermi gas in
a box of volume V . We show that a variational ground
state wave function with a finite probability amplitude
for excitations with opposite momentum in the BEC and
the Fermi gas can result in an energy that is lower than
that of the ground state used in Section II. The varia-
tional wave function we propose in this appendix is not
necessarily the true ground state of the system, but in-
stead provides an indication of the possible form of the
ground state that the system evolves to in the presence
of a dynamical instability.
The Hamiltonian, Hˆ ′ for the Bose-Fermi mixture writ-
ten in a plane wave basis has the form (note that in this
appendix we do not use the grand canonical Hamilto-
nian),
Hˆ ′ = HˆT + HˆBB + HˆBF , (43)
where
HˆT =
∑
k
(
~
2k2
2mB
η†kηk +
∑
σ
~
2k2
2mF
a†kσakσ
)
,
HˆBB =
gB
2V
∑
k,k′,q
η†k+qη
†
k′−qηk′ηk,
HˆBF =
gBF
V
∑
q
ζqρ
†
q.
HˆT represents the kinetic energy for the Bose and Fermi
gases while HˆBB is the collisional interaction between
bosons. The boson-fermion interaction, HˆBF , has been
expressed in terms of the operators for the qth Fourier
component of the fermion density,
ρq =
∑
k′σ
a†k′+qσak′σ (44)
and the boson density,
ζq =
∑
k′
η†k′+qηk′ . (45)
Note that ρ−q = ρ
†
q and similarly, ζ−q = ζ
†
q. In contrast
to Sections II and III, where the k = 0 condensate mode
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for the bosons was treated as a c-number, we now retain
the operator dependence for the k = 0 mode, η0, in the
Hamiltonian. As in Sec. II, we neglect the direct fermion-
fermion interaction.
In Sec. II, the equations of motion for the density
fluctuations were linearized around the T = 0 ground
state for the non-interacting Bose and Fermi gases, |ΨN 〉,
which was implicitly assumed to remain a stable ground
state for the interacting Bose-Fermi system. However,
the existence of the dynamical instability indicates that
|ΨN 〉 is actually not stable and that there exists a ground
state with a lower energy than |ΨN〉. The expectation
value of the Hamiltonian with respect to |ΨN〉, EN =
〈ΨN |Hˆ ′|ΨN 〉, is easily found to be,
EN = 2
∑
k≤kF
~
2k2
2mF
+
gB
V
(
N2B −NB
)
+
2gBF
V
NBNF .
(46)
|ΨN 〉 is equivalent to the ground state used in previous
investigations of Bose-Fermi mixtures, in the sense that
|ΨN 〉 does not include any quantum correlations between
the bosons and fermions, i.e. |ΨN 〉 factorizes in to the
product of the wave functions for the condensate and the
ideal Fermi gas.
Any excitation with finite momentum in the two gases
will increase the total kinetic energy, HˆT , but may result
in a decrease in the interaction energy between the bosons
and fermions. For example, consider the wave function,
|ΨD〉 =
(
uq + vqκ
−1
q η
†
qη0ρ
†
q/
√
NB
)
|ΨN〉
=
(
uq + vqκ
−1
q ζqρ−q/
√
NB
)
|ΨN 〉,
where |uq|2 + |vq|2 = 1 and
κ2q = 〈ΨN |ρqρ†q|ΨN〉 = 2
∑
k
Θ(kF − k)Θ(|k− q| − kF ).
The action of ζqρ−q on |ΨN〉 is to create a state with a
density fluctuation of momentum ~q in the BEC along
with a density fluctuation of momentum −~q in the
Fermi gas. It is easy to show that, just like |ΨN 〉, |ΨD〉
corresponds to a spatially uniform state with densities
NB/V and 2NF/V for the Bose and Fermi gases, re-
spectively. The difference between |ΨD〉 and |ΨN 〉 is
made manifest in the correlation between the boson and
fermion densities,
〈ΨN |ψˆ†BψˆB(r)
∑
σ
ψˆ†σψˆσ(r
′)|ΨN 〉 = NB
V
2NF
V
, (47)
〈ΨD|ψˆ†BψˆB(r)
∑
σ
ψˆ†σψˆσ(r
′)|ΨD〉 = NB
V
2NF
V
+
2
√
NBκq
V 2
|uq||vq| cos[q · (r− r′) + γ], (48)
where γ = arg(u∗qvq) is the relative phase between uq and
vq. The density-density correlation for |ΨD〉 depends on
the quantum coherences, u∗qvq, and can be made larger
or smaller than (47) by varying γ. This can be used
to lower the boson-fermion interaction energy since it is
proportional to the spatially integrated density-density
correlation between the two gases for r = r′.
The difference in the energy of the two states is
∆E = 〈ΨD|Hˆ ′|ΨD〉 − EN
= E1(q)v
2
q +
1
2
E2(q)
(
vqu
∗
q + v
∗
quq
)
.
E1(q) represents the increase in the kinetic energy and
the mean field energy of the condensate,
E1(q) =
~
2q2
2mB
+ 2κ−2q
|k−q|>kF∑
k≤kF
(
~
2q2
2mF
− ~
2k · q
mF
)
+ 2gB
NB
V
,
while E2(q) is due to the boson-fermion interaction,
E2(q) = 2gBF
√
NBκq/V.
Now let vq = sinφq and uq = ± cosφq for 0 ≤ φq ≤ π/2.
For uq, we use the upper sign for gBF < 0 and the lower
sign for gBF > 0. By minimizing ∆E with respect to φq
one finds that the minimum value of the energy difference
is
∆Emin =
1
2
[
E1(q)−
√
E1(q)2 + E2(q)2
]
,
which occurs when tan 2φq = |E2(q)|/E1(q). Note that
∆Emin < 0 for all values of q, which indicates that quan-
tum correlations between the densities of the two gases
can lower the energy. Consequently, |ΨN 〉 is not the true
ground state of the Bose-Fermi mixture. To find the true
ground state, |ΨD〉 would have to be extended to treat
density fluctuations in all modes. This is a non-trivial
task that will be the subject of future work.
We want to stress here that even though |ΨN 〉 is not
the lowest energy state, this does not necessarily mean
that it is dynamically unstable. The relationship between
the states |ΨD〉, |ΨN 〉 and the dynamical stability condi-
tion, Im[ℓk(ω)] = 0, can be understood in the following
manner. Suppose we start with the BEC and Fermi gas in
separate unconnected boxes so that the quantum states
for the Bose-Fermi system is factorizable into the prod-
uct of the BEC state and the state of an ideal Fermi gas
at T = 0, namely |ΨN〉. If we then bring the two gases
together in the same box so that they can interact, then
|ΨN〉 will evolve into an entangled state with a form sim-
ilar to |ΨD〉 provided that Im[ℓq(ω(q))] 6= 0, where ~ω(q)
is the energy of the density fluctuation in the BEC. This
is because (a) correlations between the density fluctu-
ations only develop if there is a coupling between the
fluctuations in the two gases; and (b) since Im[ℓq(ω(q))]
is proportional to the dynamic structure factor for the
Fermi gas, it measures the strength of the resonant cou-
pling between the two gases. If Im[ℓq(ω(q))] = 0, the den-
sity fluctuations in the two gases with momentum ±~q
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are uncoupled and there is no way to generate any quan-
tum correlations between the two gases, thereby lowering
the energy of the system.
This argument can be made quantitative if we evalu-
ate the state of the Bose-Fermi system to first order in
pertubation theory. If we work in the interaction repre-
sentation where
HˆBF (t) = e
i(HˆT+HˆBB)t/~HˆBF e
−i(HˆT+HˆBB)t/~,
then the state of the system at time t starting from the
ground state of the uncoupled system is, to first order in
gBF ,
|Ψ(t)〉 =
(
1− i~−1
∫ t
−∞
dt′HˆBF (t
′)
)
|ΨN 〉.
By letting t→∞ we obtain,
|Ψ(∞)〉 =
(
1− 2iπgBF~−1
∑
q
η†qη0
[
1
V
∑
kσ
a†k−qσakσδ
(
ω(q)− ~(k− q)2/2mF + ~k2/2mF
)]) |ΨN〉, (49)
which has a form similar to that of |ΨD〉 generalized to
include all modes for the coupled density fluctuations.
The delta function implies that correlations are dynam-
ically generated between ζq and those components of ρq
that conserve energy in the t → ∞ limit. Note that
~ω(q) in Eq. (49) is equal to the energy of a Bogoliubov
quasipaticle in the uncoupled BEC since dispersive effects
due to the Bose-Fermi coupling are higher order in gBF .
From |Ψ(∞)〉, one sees that the interaction between the
bosons and fermions will naturally lead to an entangled
state provided the term in brackets is nonzero. It is easy
to see from Eq. (25) that[∑
kσ
a†
k−qσakσδ
(
ω(q)− ~(k− q)
2
2mF
+
~k2
2mF
)]
|ΨN 〉 = 0,
unless Im[ℓ−q(ω(−q))] 6= 0. Note that for an isotropic
system, Im[ℓ−q(ω(−q))] = Im[ℓq(ω(q))].
To summarize, we have shown that the existence of
a dynamical instability indicates that entanglement be-
tween the Bose and Fermi systems can be dynamically
generated by HˆBF starting from the factorizable state
|ΨN〉. In this case, a variational wave function such as
|ΨD〉 that involves an entanglement between density fluc-
tuations in the two gases with opposite momenta can
have lower energy than |ΨN 〉.
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